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Change point tests as neural networks

» A key idea is that common change point tests can be represented as single layer feed
forward neural networks with RELU activation.
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Consider the change point model:
vi=B7z+¢ci+& i=1,...,n

Where ¢, ; is a scalar covariate specific to the change at T and & ~ N (07 02). Then
there is an h* € Hi1n—2 equivalent to the likelihood-ratio test for testing ¢ = 0 against

¢ # 0. )
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Consider the change point model:
vi=B7z+¢ci+& i=1,...,n

Where ¢, ; is a scalar covariate specific to the change at T and & ~ N (07 02). Then
there is an h* € Hi1n—2 equivalent to the likelihood-ratio test for testing ¢ = 0 against

¢ # 0. )

» Apparently, the setup rules out several common change point problems.
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Piecewise polynomials

» Consider the piecewise polynomial change point model

- Zfzoaf(i/”_T/n)j-i-fi ift<rt
a P oBi(ifn—7/ny +& ift>r7
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Piecewise polynomials

» Consider the piecewise polynomial change point model
o Z}’:Oaj(i/n—T/n)j—i—f,- ift<rt
A\ BiGi/n—T Y+ & >t

> For ¢'s distributed i.i.d. N (0,1) the likelihood ratio statistic (e.g. [BCF19]) for a

change at location i is: R (Y) = ||PwiY||, + HP(,-H);,,YH2 — [|Prn Y],
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> For ¢'s distributed i.i.d. N (0,1) the likelihood ratio statistic (e.g. [BCF19]) for a
change at location i is: R (Y) = ||PwiY||, + HP(,-H H2 | PrnY]|,.

» Being a linear combination of quadratic forms hf"R (¥) = Limax; R;(y)>2} Clearly
cannot be represented as a single layer neural network with RELU activation.
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> For ¢'s distributed i.i.d. N (0,1) the likelihood ratio statistic (e.g. [BCF19]) for a
change at location i is: R (Y) = ||PwiY||, + HP(,-H H2 | PrnY]|,.

» Being a linear combination of quadratic forms hf"R (¥) = Limax; R;(y)>2} Clearly
cannot be represented as a single layer neural network with RELU activation.

> The Wald test (e.g. [KOC22]) likewise cannot be represented in this way.

(LSE department of Statistics) RSS Annual Conference August 2023

3/6



Piecewise polynomials
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Consider the piecewise polynomial change point model
Zfzoaj(/n—T/n) +& ift<rt N
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For ¢'s distributed i.i.d. A/ (0,1) the likelihood ratio statistic (e.g. [BCF19]) for a
change at location i is: R (Y) = ||PwiY||, + HP(,-H H2 | PrnY]|,.
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Being a linear combination of quadratic forms hf"R (¥) = Limax; R;(y)>2} Clearly
cannot be represented as a single layer neural network with RELU activation.

The Wald test (e.g. [KOC22]) likewise cannot be represented in this way.

vy

Natural ways to address this: data pre-processing, different activation functions, etc.
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Change point tests based on differencing (1)

» In [GAF23] we introduce tests based on differences of local sums of the data.
Interestingly, our difference based tests can be represented as a neural network.
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Change point tests based on differencing (1)

» In [GAF23] we introduce tests based on differences of local sums of the data.
Interestingly, our difference based tests can be represented as a neural network.

» Since D(-) is a linear operator A} (x) = 1imax;|Di(x)| >} €an be represented as a
neural network with RELU activation.
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Change point tests based on differencing (I1)

» Using the techniques in [GAF23] one can show that neural network's localisation
rate (Theorem A.6 for Algorithm 1 in the paper) for 7 is of the order:

0 (anfﬁ% /A;) .

Where: A; = (oj — §j), 6 =7 A(n—T), p* € argmax; {|Aj| (6/n)’}
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» Using the techniques in [GAF23] one can show that neural network's localisation
rate (Theorem A.6 for Algorithm 1 in the paper) for 7 is of the order:

0 (an—;zﬂ /A,ﬂ) .

Where: A; = (oj — §j), 6 =7 A(n—T), p* € argmax; {|Aj| (6/n)’}

» This is unimprovable up to the B? term.
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Change point tests based on differencing (I1)

» Using the techniques in [GAF23] one can show that neural network's localisation
rate (Theorem A.6 for Algorithm 1 in the paper) for 7 is of the order:

0 (an—;zﬂ /A,ﬂ) .

Where: A; = (oj — §j), 6 =7 A(n—T), p* € argmax; {|Aj| (6/n)’}

» This is unimprovable up to the B? term.

» When analyzing the behavior of neural networks on change point problems it may be

useful to think in terms of difference based tests.
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